The optimal capital growth strategy or Kelly strategy, has many desirable properties such as maximizing the asympotic long run growth of capital. However, it has considerable short run risk since the utility is logarithmic, with essentially zero Arrow-Pratt risk aversion. It is common to control risk with a Value-at-Risk constraint defined on the end of horizon wealth. A more effective approach is to impose a VaR constraint at each time on the wealth path. In this paper we provide a method to obtain the maximum growth while staying above an ex-ante discrete time wealth path with high probability, where shortfalls below the path are penalized with a convex function of the shortfall. The effect of the path VaR condition and shortfall penalties is less growth than the Kelly strategy, but the downside risk is under control. The asset price dynamics are defined by a model with Markov transitions between several market regimes and geometric Brownian motion for prices within regime. The stochastic investment model is reformulated as a deterministic program which allows the calculation of the optimal constrained growth wagers at discrete points in time.
Introduction
In this paper we provide a method to deal with the risky short run properties of the expected log capital growth criterion . That theory provides the maximum long run asympotic growth, as shown in increasing generality by Kelly (1956) , Breiman (1961) , Algeot and Cover (1988) and Thorp (2006) ; see also the book MacLean, Thorp and Ziemba (2010) , which discusses the Kelly strategy and reprints major papers on the topic. However, the Arrow-Pratt risk aversion index for the logarithmitic utility function is 1 w , which is essentially zero. Consequently, the wealth trajectories for the Kelly investor are very volatile and risky. One way to deal with the risk is to use fractional Kelly strategies which blend the Kelly portfolio with cash; see MacLean, Blazenko and Ziemba (1992) . But this is ad hoc and does not generally produce a smooth wealth path. It reduces risk and growth, so the wealth trajectory has the same dynamics but with a smaller scale. To get a smooth trajectory the fraction in the Kelly may need to be very low and correspondingly the growth rate is small. Applications that use the fractional approach are Hakansson (1986, 1987) , Hausch, Ziemba and Rubinstein (1981) , and Mulvey and Valdmirou (1992) ; see also the survey of applications in Ziemba (2013) .
Our approach is to specify a desired ex-ante wealth path at discrete decision points in time, and to maximize the growth rate (objective) while staying above the path (constraint).
This cannot be achieved with certainty, so a Value-at-Risk (VaR) condition to exceed the desired path with high probability is imposed and path violations/shortfalls are penalized in the objective. The penalty is a convex function of the shortfall, so that, for example, doubling the shortfall incurs a more than doubled negative penalty. The decision model has strong theoretical underpinnings linked to Prospect Theory (Tversky and Kahneman, 1993) and is analytically attractive as a stochastic dynamic optimization program.
The imposition of a VaR constraint is a common approach to controlling downside risk. Basak and Shapiro (2001) consider the impact of a VaR-type condition on an investors' portfolio wealth and investment strategies. The VaR horizon is the same as the investment horizon. With lognormal state prices and constant relative risk aversion preferences the optimal VaR portfolio takes large equity positions -to finance high wealth should economic conditions turn favorable -while possibly having large losses in unfavorable conditions. With general security price distributions and general preferences, VaR investors incur large losses in the worst states. The VaR constraint induces traders to invest significantly more in risky assets in some states than they would have invested in the absence of the constraint.
Zen & Werker (2012) consider the VaR constraint, but the investment horizon is divided into a few equal-length sub-periods. A VaR condition is imposed in each subperiod, and the investor insures his portfolio against poor performance of the financial market so that the current period's regulatory constraint is satisfied and there is sufficient wealth to satisfy the next periods' constraints. The short VaR horizon can prevent portfolio wealth loss quite effectively, but there may be large opportunity cost by limiting the investor's ability to invest in risky assets in favorable stock markets.
Working with lognormally distributed returns, Cuoco et al. (2008) re-evaluated the risk of a trading portfolio dynamically, making full use of conditioning information. The trader must satisfy specified risk limits at all times. The portfolio value is computed assuming that the current portfolio composition is unchanged until the horizon. By having a VaR condition at all times, this avoids some of the inconsistencies arising when the VaR is only imposed at the planning horizon.
The portfolio optimization problem with a VaR constraint is a chance constrained program. The program is typically nonconvex and is complicated to solve. MacLean, et al (2004) use a set selection approach to generate a sequence of convex programs converging to the optimum. In a similar vein, Feng, Wachter and Staum (2014) consider a branch and bound algorithm for selecting constraints. These approaches discretize the distribution over scenarios.
The Kelly strategy optimizes the long run growth rate of capital. It was dubbed "Fortunes Formula" by Thorp (1966) . The Kelly invests the same fixed fraction at each time by constantly rebalancing portfolio strategies. Cover (1991) described a portfolio-selection algorithm that theoretically performs "almost as well" as the best constant-rebalanced portfolio. Cover's universal portfolio does not make any statistical assumptions on the nature of the stock market. Hembold et al (2013) describe a new algorithm with similar properties to the universal portfolio, without making any statistical assumptions on the nature of the stock market. These fixed fraction strategies can have unacceptable risk in certain markets.
It is desirable to have portfolio algorithms which control for downside risk.
A number of issues have been identified: (1) there exist a variety of states/regimes in the financial market; (2) strategies designed for a single state/regime can perform poorly as states change; (3) protection against large losses along a wealth trajectory is important for regulation and investor survival; (4) a program for portfolio selection must be computationally feasible. This paper considers those issues in the context of capital growth.
In Section 2 the financial market is presented. The setting is a Markov regime switching framework, with geometric Brownian motion prices within each regime. The resulting log prices are a mixture of normals and provide the flexibility needed to obtain accurate price predictions as inputs to investment decisions. The investment model is developed in Section 3, where the objective is to maximize growth with a penalty for shortfalls, subject to a dynamic VaR constraint requiring wealth to exceed a specified benchmark path with high probability. The unconstrained Kelly strategy is analyzed in Section 4, where the shortfall rate and shortfall size relative to a benchmark are developed. The results provide context for the penalized shortfall approach which is dealt with in Section 5. Section 6 concludes with observations and implications.
Model Setting -Market Regimes
The wealth accumulation process is a stochastic dynamic system which depends on the allocation of capital to investment opportunities and the changing prices of those assets.
A standard model for price dynamics is geometric Brownian motion . This model fails to capture important characteristics of asset prices, notably price distributions which are not log-normal and time dependent volatility. A flexible framework which accommodates observed price behavior is a Markov regime switching model, where the dynamics within a regime follow the standard geometric Brownian motion and the parameters in the dynamics vary by regime. Hamilton (1989) successfully applied the regime switching model to US GDP data and charcterized the changing pattern of the US economy. Ang and Bekaert (2002) used regime shifts in a study of international asset allocation. Guidolin and Timmermann (2006) provided important insights into how investments vary across market regimes. The regimes make economic sense, and the regime switching market structure is very amenable to analysis.
A Regime Switching Model
Consider a competitive financial market with n assets whose prices are stochastic dynamic processes, and a single asset whose price is non-stochastic. Let the vector of prices at time t be P (t) = (P 0 (t), P 1 (t), ..., P n (t)) ,
where P 0 (t) is the price of the risk free asset, with rate of return r t at time t. Assume that the financial market is separated into m distinct regimes. Suppose the market is in regime k at time t, and let Y ik (t) = nP ik (t) , i = 0, ..., n be the log-prices in regime k, k = 1, ..., m.
The price dynamics within regime k are defined by the stochastic differential equations
with
, where dZ ik , i = 1, ..., n are independent Brownian motions.
In this framework the risky asset prices within a regime are assumed to have a joint log-normal distribution.
The regimes over time {S(t), t > 0} follow a discrete state continuous time Markov process. The state space is finite S = {S 1 , ..., S m } and states will be referred to as regimes:
The dynamics of the Markov process are driven by the intensity g ij , which is the rate of transitioning from regime i to regime j. The rate of switching from regime i at time t to another regime j at time t + h is
where
If the process is in regime i it transitions out of i to another regime with rate g i = j =i g ij , and
is the probability that the process moves to regime j from regime i. For regimes i, j the transition probability function P ij (t) = P r [S(t) = j|X(0) = i] is a continuous function of t.
This function satisfies the Chapman-Kolmogorov equations P ij (t + s) = k∈S P ik (t)P kj (s).
The market structure given by the switching factor model has advantages: (i) the ability to estimate the parameters in the model from observations on the asset returns and
(ii) the ability to define analytically tractable investment models. The standard estimation procedure is the Expectation Maximization (EM) algorithm (Dempster et al, 1977 ).
The investment model developed in subsequent sections considers that parameter values are known/estimated and focuses on investment strategies which control risk. The aspect of risk which is attributable to estimation error is not considered directly, but the positive results in the literature with the Markov switching model and the EM algorithm are the basis for the defined market structure. The applications in Section 5 use the EM algorithm to identify regimes and estimate regime dependent parameters.
Wealth Equations
The asset prices vary continuously. The decision model assumes that time is divided into equal size planning intervals. A decision on the fractions of investment capital allocated to assets is made at the beginning of a period and those fractions are fixed for the period, although continuous rebalancing of allocated capital is required to maintain the fixed fractions. At the begining of the next period the decision fractions are updated. In the analysis of trading strategies, the following assumtions are made:
1. All assets have limited liability.
2. There are no transactions costs, taxes, or problems with indivisibility of assets.
3. Capital can be borrowed or lent at the risk free interest rate at any level.
4. Short sales of all assets is allowed.
Consider that the decision points are t 1 = 0,
strategy is the vector process
where n i=0
x i (t l ) = 1 for any t l , with x 0 (t l ) the investment fraction in the risk-free asset and
The change in wealth from an investment decision X(t) is determined by the changes in prices, which depend on the Markov regime switching process and the dynamics of prices within a regime. Let
Then the instantaneous change in wealth if the market is in regime k is
If the wealth at time t is w t and the investment decision is maintained through rebalancing as a fixed fraction from time t to time t + h, then the accumulated wealth is
The following assumptions are made for wealth dynamics between decision points:
1. There is at most one regime transition in the time interval (t, t + d) . Given regime i at time t, then τ i = the time to switch from regime i to another regime is Exponential with parameter q i , and P r
2. If there is a transition it occurs at the start of the interval (t, t + d). The probability that there is one transition in the interval and it is from i to j is 
Although there is a slight chance of switching to markedly different regimes, the more likely scenario is a switch to an adjacent/close regime. Also τ i , the time in regime i, is exponential with density 
, the rate from regime j over the interval.
3. The investment strategy is a fixed fraction of wealth throughout the interval, with continuous rebalancing to maintain the fractions.
The implication of these assumptions is that a decision on investment fractions for the next interval are based on the current position and the probability that one of the regimes:
i, i = 1, ..., m will prevail for the entire interval.
The wealth at the beginning of period t is w t−1 , the regime is k in period t, and the period length is subsumed into the parameters. That is, if the period is one day, the parameter φ k = φd is the vector of expected daily returns ,Σ k = Σd 1 2 is the covariance matrix for daily returns andr = rd is the one day risk free return. Then the conditional wealth at the end of period t if the regime is k, given the fixed investment strategy X(t), is
Let
be the return on investment X(t) in assets in period t. The rate of return in regime k is
Then ln(R k (X(t)) has a multivariate normal distribution. Let
For the transition probability function P ij (d) the interval time d is fixed, so we will drop the time d and simply refer to the fixed matrix P = (P ij ). Assume that the distribution over regimes is π(t) = (π 1 (t), ..., π m (t)), where π(t) = π(t − 1)P. Let the density for ln(R k (X(t)) be denoted by f k (v|t), k = 1, ..., m . If the unconditional rate of return on investment X(t) is ln (R(X(t))) , then the unconditional distribution for ln (R(X(t))) is a
Based on investment decisions at discrete points in time t = 1, ..., T , the wealth process and the rate of return process are analyzed as discrete time stochastic processes. For the stochastic process R(X(t)) a trajectory of the data process is associated with an outcome ω in the space Ω of all returns trajectories at times t = 1, ..., T. The distributions over returns at each time t generate a probability measure P on Ω and the associated probability space (Ω, B, P ). The sample space can be represented as Ω = Ω 1 × · · · × Ω T , with ω t ∈ Ω t the data at time t and Ω t the data up to and including time t. Subsets of Ω are of the
, ω ∈ Ω, be a returns trajectory, where X(t) is an investment strategy which can depend on the data history but not on unknown future returns. The discrete time wealth trajectory is W (ω, t) = W (ω, t − 1)R(ω, X(t)).
Investment Model
Wealth is generated through investment in the risky assets, but the trajectory of wealth can have large swings and the chance of falling below sustainable levels needs to be controlled.
The characteristics of shortfalls (falling below benchmarks) are the rate/chance and the size. Both components are incorporated into our investment model, where shortfall rate is constrained at a specified level, and the shortfall size is penalized in the objective. The criterion in the objective is capital growth, namely the maximization of the expected value of logarithmic utility of penalized wealth, subject to the constraints.
Penalized Shortfall
We are concerned with trajectories which fall below a target path at discrete points in time.
Consider a trajectory of the wealth process W (t), t = 1, ..., T, and the target/benchmark wealth path w * (t), t = 1, ..., T. Two approaches to target paths are : (i) a growth path based on a desired growth rate, possibly at the risk free rate; (ii) a decay path based on a fallback rate. The targets are general and can vary from growth to decay over time.
If the trajectory is below the target at time t, W (t) < w * (t), then there is a penalty in the form of a wealth discount,
Since the intention is to control large shortfalls, is is natural to make the penalty proportional to the shortfall,
, where the penalty parameter γ captures the decision makers aversion to losses and the positive part is defined
This discounting approach works well with a logarithmic transformation since when W (t) < w
If W (t) < w * (t), the path shortfall is [w
is convex in the shortfall. The penalty parameter γ ≥ 1 is a power factor.
There is another rationale for the penalty approach. Consider
. Then
Then (10) can be written as
By separating the wealth into gains [W (t) − w * (t)] + and losses [w * (t) − W (t)] + relative to the benchmark w * (t), it is seen that the convex penalty approach in (11) defines an objective which is concave in gains and convex in losses. So the convex penalty approach is consistent with one of the main principles of Prospect Theory (Kahneman and Tversky, 1993) .
The use of the logarithmic transformation puts the focus on the growth rate of capital.
That is, ln(W (t)) = ln(W (t − 1)) + ln(R(t)), where ln(R(t)) is the rate of return in period t. In our model, the investor's objective is to achieve capital growth with security, so that the chance and size of shortfalls in wealth is small. This paper extends MacLean, Sangre, Zhao and Ziemba (2004), which constrained the chance of a shortfall in a VaR model. The objective in that work was optimal growth, which was formulated as the maximization of the logarithm of terminal wealth, and it decomposed into the period by period growth rates.
If wealth is discounted with a convex penalty in the objective as proposed, the same period by period decomposition applies.
To develop the wealth process and path shortfall, consider the return process R(X(t)), t = 1, ..., T . For the stochastic process R(X(t)) a trajectory of the data process is associated with an outcome ω in the space Ω of all returns trajectories, with probability space (Ω, B, P ).
Let R(ω, X(t)), ω ∈ Ω, be a returns trajectory, where X(t) is an investment strategy which can depend on the data history but not on unknown future returns. The wealth trajectory
. A requirement that the wealth trajectory lies above the path is W (ω, t) ≥ w * (t), t = 1, ..., T . For a set of trajectories A ∈ B, it could be required that all trajectories in the set satisfy the path condition:
In log space the corresponding path condition is ln(W (ω, t)) ≥ ln(w
If the path constraint is not satisfied, the model imposes a penalty at the period of violation.
That is, the logarithm of discounted wealth at the horizon is ln(w(
Capital Growth with Security
For the path condition to be satisfied (1−α)100% of the time, the multiperiod capital growth problem, where the rate of shortfalls is controlled with a VaR constraint and the size is part of the objective, is
X (t)e = 1, t = 1, ..., T.
With a decision X, the path condition is satisfied for a set of scenarios A ∈ B. If the measure of A is such that P (A) ≥ 1 − α, then the set is termed acceptable and the decision is feasible. There are potentially many feasible decisions for a specified acceptance set. Given an acceptance set A = A 1 × . . . × A T , P (A) ≥ 1 − α, and complement setsĀ t , a restricted form of the problem is
In (14) IĀ t is the indicator function. Let Ψ(X * (A)) be the optimal solution for this prob-
) is a solution to the full problem defined by (12), (13) . It is assumed that there is an optimal solution to the full problem and therefore there is an optimal acceptance set. That is, given the optimal acceptance set the solutions for the alternative formulations are the same. The log transformation decomposes the final discounted wealth into a period by period summmation. The formulation with acceptance sets provides a setting for decomposing the multi-period constrained growth problem into a sequence of one period problems.
Proposition 1
Conditional on the optimal acceptance set, the optimal strategy in period t is path independent, depending on the wealth at the beginning of period t but not the path to that wealth.
The problem is a sequence of static one period problems conditioned on the wealth from the previous period.
Proof:
Let A * be the optimal acceptance set and consider the associated problem
The Lagrangian for this problem is L(X, λ
The multiplier λ * t (ω) ≥ 0 is in the space of the Lesbegue integrable functions on Ω and is such that max X {L(X, λ * , A * )} is equivalent to the above problem. Let
Then L(X, λ * , A * ) = T t=1 {L t (X, λ * , A * )} and the Lagrangian is a sequence of T expressions, each conditioned on the wealth outcome from the previous time period. That is, the decision X(1) given the initial wealth w(0) leads to wealth W (1) = w(1), which is the wealth at the start of period t = 2. In the t th period the Lagrangian maximization is equivalent to the one period problem
Subject to
That is, the dynamic multiperiod problem is a sequence of static one period problems conditional on the wealth from the previous period.
The sequence of one period problems is defined for the optimal acceptance set A * . Finding the optimal acceptance set is a difficult problem. There is a sequence of one period problems with a probability constraint which is equivalent to the optimal acceptance set sequence. So the probabilistic constraint contains the optimization over acceptance sets.
For the wealth process ln(W (t)) = ln(W (t − 1)) + ln(R(X(t)), the constraint
is the same as
where
T t=1 α t ≤ α, the one period problem with a probabilistic constraint is
subject to
The requirement T t=1 α t ≤ α is still part of the problem specification. The choice of α is replaced by a sequence {α t , t = 1, ..., T }. The α t may be determined sequentially as the actual wealth trajectory {w(t), t = 1, ..., T } unfolds relative to the benchmark path {w * (t), t = 1, ..., T } . If a priori the periods are the same, the one period constraint probabilities would be α t =
T
α. This is analogous to the Bonferroni method for determining an overall (path) rate α and period specific rates α t .
The link between the one period probability α t and the overall (cumulative) path probability α raises an issue. If there are many decision periods then most α t would need to be very small to satisfy the overall probability α. The selection of the values {(w * (t), α t ), t = 1, ..., T } is an important part of the planning problem. In the sequence of one period problems feasibility imposes a link between the current wealth w(t − 1), the benchmark w * (t), and the shortfall rate α t . Rather than focus on the rate α at the horizon (the horizon VaR problem), the values (w * (t), α t ) can be determined sequentially. With the horizon being somewhat arbitrary, the performance per period is emphasized as opposed to the cumulative performance at the horizon.
Functional Form of One Period Problem
The multiperiod capital growth problem is structured as a linked sequence of one period problems, but the probabilistic constraints in the one period problem could pose a problem for solution. However, the setup for rates of return as normal within regimes and a mixture of normals overall makes the problem more tractable.
Assume that the distribution over regimes in period t is (π 1 (t), ..., π m (t)) and let the unconditional return be R(X(t)). The conditional rate of return given regime k in period t is multivariate normal with
has the same probability law as ln(R k (X(t)), which is Gaussian. Let f k (v|t), k = 1, ..., m be the normal density of ln(R k (X(t)), the log-return given the regime is k. The unconditional distribution for log-returns is a mixture of normals
The chance constraint in the one period problem given w(t − 1), in terms of log-return, is
Of course´l
where f is the standard normal
The objective can be similarly reformulated. The expected rate of return is
Then the one period problem is P (g(t), γ, α t ) :
This problem depends on the gap between starting wealth and the path target, g(t) = ln(w * (t)) − ln(w(t − 1), as well as the penalty γ and the shortfall probability α t . The multiperiod problem is a sequence of such one period problems, where the gap in the next period is controlled by the settings (γ, α t ) and the investment decisions for the period.
The Kelly Strategies
Consider the optimal capital growth problem
The expectation is over the randomness in prices and the uncertain regimes. The terminal wealth problem is a sequence of one period problems. In each period the optimal capital growth strategy, called the Kelly Strategy, maximizes the unconditional growth rate of capital
). This strategy has many attractive properties (MacLean, Thorp and Ziemba (2010a), MacLean, Thorp, Zhao and Ziemba (2011)) and has been dubbed Fortunes Formula (Thorp, 1966) . One downside of the Kelly strategy is the chance of large losses. A prime motivation for the path constraint and shortfall penalty is to control large losses. In this section, the Kelly strategy and modifications are considered.
Kelly Strategy with Regimes
Consider the one period problem max
. Dropping the time argument the solution is
. . .
are the fractions invested in the n risky assets.
Since the distribution over regimes (π 1 , ..., π K ) in period t will depend on the regime distribution in period t − 1 and the transition probabilities, the Kelly strategy will be prior regime dependent. It is noteworthy that the Kelly strategy does not depend on the wealth at the beginning of the period: w(t − 1). However, the performance of the Kelly strategy relative to the path does depend on the starting wealth. In the risk context, performance is defined by the shortfall rate and the average shortfall size.
Given starting wealth w(t − 1) and the position relative to the target path g(t) = ln(w * (t)) − ln(w(t − 1), the chance of a shortfall in period t is P [ln(R(X * )) < g(t)] = α * t .
Since ln(R(X * )) has a normal density f k (v), with mean µ *
The average size of a shortfall with the Kelly strategy, is
where V k = ln(R k (X * ). The bi-criteria (α * t , η * t ) can be combined into the risk score
describing the risk relative to the path benchmark w * (t) and starting wealth w(t − 1).
The formulas for the rate and size of shortfalls can be calculated to determine the risk with the Kelly strategy. Obviously that risk will depend on the characteristics of the financial market Θ = (π(0), P, θ 1 , . . . , θ m ), and the investors financial position g(t).
CASE : Single Risky Asset
To simplify the analysis of shortfall rate and shortfall size with the Kelly strategy, consider the case of a single risky asset (the market index) and two regimes representing UP and DOWN markets. It is assumed the probabilities for U P/DOW N in the coming period are
, and
2 , the Kelly strategy invests x * =φ −r δ 2 in the risky asset. From (25) and (26) the shortfall rate and average shortfall size are respectively,
where Φ is the standard normal cumulative distribution and
. The expressions for α * t and η * t are defined by the wealth relative to the benchmark: g, as well as the standard normal distribution Φ, the mean µ * k and standard deviation σ * k of the return on the Kelly investment strategy in each regime, and the regime probabilities (π 1 , π 2 ).
The Kelly strategy and investment returns depend on the price parameters φ 1 ,δ 1 ,φ 2 ,δ 2 .
The constant c defines the DOWN returns relative to the UP returns and is a factor in price volatility.
Proposition 2
The Kelly investment in the risky asset decreases as c increases. Let (α * , η * ) be the (shortfall rate, expected shortfall size) for the Kelly strategy. If the wealth gap is g, then there exists a value g * such that: (i) the rate of shortfall α * and the expected shortfall size η * increase as the downside return parameter c increases when g > g * ; (ii) the rate of shortfall α * and the expected shortfall size η * decrease as the downside return parameter c increases when g < g * .
Proof:
The Kelly strategy is
and
c, simple algebra gives
is monotone increasing in g and is negative when g < 0.5φ 2 δ 2 (1 − cπ) 2 and positive when
There is a value g * such that ∂α * ∂c < 0 if g < g * and
The expected shortfall size is η
α * 2 > 0, the increase/decrease in expected shortfall size behaves the same as the increase/decrease in shortfall rate.
The chance of falling below the path and the expected size of the shortfall depend on the starting position as given by the gap g. Recall that g(t) = ln(w * (t)) − ln(w(t − 1)), so that g(t) < 0 is the case where the target benchmark is below the starting wealth and g(t) > 0 when the target is above the starting wealth. The fact that the performance of the Kelly strategy depends on wealth suggests that current wealth should be a factor in investment decisions. Consider, then, in Table 1 the shortfall rate and in Table 2 The shortfall rate drops dramatically if the starting position is favorable relative to the path target. As the downside decreases the Kelly investment in stock also drops since the investment is less favorable. The most favorable market scenario (c = 2) has an annual return of 8.8% and the least favorable (c = 3.6) has an annual return of 1.7%. The Kelly strategy is aggressive and risky in favorable markets.
The shortfall size for variations in the regime parameter c and the gap above the path is provided in Table 2 . These numbers show the average size of the shortfall in terms of daily rate of returns, so the shortfalls are substantial. For example, when beginning wealth is close to the target (g = −0.002), we have for shortfalls W w * = 0.988 or 98.8% of the target wealth on average. This level of fallback is equivalent to 95.3% of starting wealth on an annualized basis. The pattern in average size is similar to that for the shortfall rate , with the relative returns in UP and DOWN markets having a slight negative effect. For the scenarios presented in Table 1 and 
Penalizing Shortfalls and Fractional Kelly Strategies
The Kelly strategy can have an unacceptable risk of shortfalls particularly in favorable markets, and that is the motivation for controlling the rate and size of shortfalls relative to a benchmark. An intuitive approach is to use a fractional Kelly strategy, where the proportional allocation to risky assets is the same as the Kelly but the total wealth invested in risky assets is reduced to a fraction of the Kelly investment in risky assets. There are a variety of ways for determining the fraction, including using a power utility. (MacLean, Zhao and Ziemba, 2006 .) The fraction will be considered here from the perspective of the VaR constraint and path penalty. There is a single risky asset (Kelly portfolio), and the investment fraction in the Kelly portfolio is selected to satisfy both the rate constraint and the size penalty. The strategy will depend on the path and the starting wealth, as opposed to the unconstrained Kelly.
The constrained one period problem is max F (X(t))|G(X(t)) ≤ 0, X (t)e = 1 .
Consider the market described previously with UP/DOWN regimes, whereφ 1 = φ,φ 2 =
(1−c)φ,δ 1 =δ 2 = δ, π 1 = 1−π, π 2 = π. With x the fraction invested in the risky asset (Kelly
is the Kelly strategy.
The Kelly shortfall rate is α
Proposition 3
Let f * be the optimal fraction for the constrained one period problem, the required shortfall rate be α and the shortfall size penalty be γ.
(i) For given penalty, the optimal fraction f * decreases as the rate α decreases.
(ii) For given rate, the optimal fraction f * decreases as the penalty γ increases.
Proof:
The following inequalities hold for 0 < x < x * , Table 1 does not meet the VaR level α = 0.05 when the wealth is above but close to the path. Recall that g = w * (t) − w(t − 1), the wealth position relative to the path benchmark. Requiring the VaR level to be satisfied and penalizing shortfalls in the objective with a penalty will reduce the investment fraction in stock. If starting wealth is close to the path target, the one period investment strategy is conservative when the shortfall rate constraint is imposed. A higher starting position leads to investment closer to the full Kelly strategy. In the growth framework it is never optimal to invest more than the full Kelly because growth falls and risk increases. The effect of the penalty on the investment fraction is significant, with the fraction decreasing as the penalty increases. Reducing the Kelly fraction dramatically decreases wealth variance which enables the VaR constraint to be satisfied. The expected shortfall is similarly reduced.
Multiperiod Multi-asset Problem
The capital growth problem with path shortfall conditions is a multiperiod problem which is decomposed into a sequence of one period problems. The analysis of the Kelly strategy in Section 4 considered the one period problem, and restricted investment opportunities to a single asset, the Kelly portfolio. For the problem with a VaR constraint and penalized objective, it is clear that introducing the path through the gap parameter g has a substantial impact on the single period investment strategy. In this section the problem with multiple periods and multiple risky assets is considered. When there are many risky assets in the constrained growth problem, the proportional investments in assets would usually not correspond to the unconstrained Kelly portfolio. The investment decisions in each period will depend on: (1) current wealth; (2) current regime; (3) next period VaR value and probability; (4) penalty for shortfalls. The current wealth and the next period VaR define the "gap".
The gap is the linking condition between one period problems in a multiperiod problem.
The parameters in the regime switching model (number of regimes, (mean, covariance) for returns in regimes,transition probabilities between regimes) are considered to be known. One period problems for the range of scenarios will be solved to demonstrate the dependence on current conditions. Then a multiperiod problem as a linked sequence of one period problems is solved for an in-sample period and an out-of-sample period.
Model for Asset Returns
Assume there is a risk free asset and two risky assets, stocks and bonds, with the market at a point in time being in one of a finite number of regimes. The regimes are driven by a Markov switching process. Within regime the risky returns are considered to be lognormal. Daily data for stocks (S&P 500 Index) and bonds (Salomon BIG Index) for the period July 31, 2004 to July 31, 2014 were used to obtain estimates for parameters in the regime switching model. Statistics on the daily returns are presented in Table 4 . The risk free rate was set at r = 0.00011. This is a bit higher than used in Example 1, and is a blend of the rates on the 3 month and 10 year T-bills. The data was split into an in-sample range: 31/07/04 to 31/07/13, and out-of-sample range: 31/07/13 to 31/07/14. The in-sample was used for model fitting and the out-ofsample was used for model testing. If the lognormal model without regimes was appropriate, then the data would support normality. However, the Jarque-Bera test rejects normality (P = 0.0003). The regime switching model with 2, 3 and 4 regimes was estimated from in-sample data using the EM algorithm. The Bayes Information Criteria (Schwarz, 1978) for the number of regimes are given in Table 5 , with the 3 regime model being preferred. The returns on stocks and bonds differ by regime, with Regime 1 being poor for stocks 
Optimal One Period Portfolio
At each time point the one period problem with the VaR constraint and penalty on path violations is
and G(X(t), γ, g(t)) =
This is a nonconvex problem and a Monte Carlo approach is used to get the solution.
( Mockus, 1989 .) The optimal portfolio weights are a function of 4 parameters: regime, α, γ, and w * (t) =target path (VaR level). The target path will selected to depend on the status with respect to wealth in the previous period.
If there was a shortfall, so that w(t − 1) < w * (t − 1), then w * (t) = w(t − 1). If the target was exceeded , so that w(t−1) > w * (t−1), then w * (t) = 0.998×w(t−1).
The intention is to relax the path requirement if the results are postive, thereby taking more risk. If the realized return is below the target the investor is constrained to avoid losses and that will force a more conservative strategy. The chosen rates are for illustration. In the one period problem at the start of period t , the values (π 1 (t), π 2 (t), π 3 (t)) are determined by the transition probabilities and the the regime at time t − 1.
In Table 7 are presented the optimal investment fractions in stocks and bonds for variations in the risk control parameters and market settings. The market settings were determined by running the one period (daily) model for 1000 days. The optimal investment weights for day t depend on the starting wealth w(t − 1), model parameters, distribution over regimes in day t, and target wealth w * (t) at the end of day t. The realized wealth w(t)
with the optimal decision is simulated/sampled. Then w(t) is the starting wealth for day t + 1. This value is above/below the target, and the path rule is used to set w * (t + 1). The Table 7 : Investment weights in stocks bonds
For the parameter settings in this example it can be observed that:
1. The investment fractions in risky assets are considerably lower when the previous period wealth falls below its target value. This results from the decision to impose a more stringent VaR value when wealth is below the target.
2. The Kelly case where α = 0.5, γ = 0 is highly levered in the bull market, with high investment in stock financed by short selling bonds and borrowing in the risk free asset.
There is positive investment in stock in the bullmarket and short selling in the bear market.
3. Without the penalty (γ = 0), the VaR constraint is active when α = 0.10, 0.25 and the effect is a shift to the risk free asset.
4. When the penalty is introduced into the objective, the fraction in stocks declines substantially for all α settings, with a corresponding increase in the fraction in the risk free asset.
5. The total investment in risky assets changes with the control settings, and also the relative fraction of the risky investment in stocks and bonds changes. The solution in the multiple risky asset case is not fractional Kelly per se, but it is an optimal growth strategy subject to control conditions.
A variety of performance statistics are calculated for the optimal risk constrained investment strategy. Although there are formulas for the statistics, it is important to classify the results by the market conditions, so the reported statistics were computed from the 1000 simulated days.
A) The average wealth at the end of the period (day)
B) The violation probability = the relative frequency with which the wealth at the end of a period (day) drops below the path target for that period.
C) The average shortfall .
Those statistics are given in Tables 8, 9 and 10 It can be observed that 1. In the unconstrained case (α = 0.5, γ = 0), the Kelly case, there is maximal growth rate but large downside losses.
2. Other than in the unconstrained case, the returns are rather similar across scenarios in the below target case and even in the above target case. The above target returns are higher. 4. When the penalty on shortfalls is introduced, the effect is quite dramatic. Both the rate and average size are decreased substantially. The largest penalty γ = 10 has negligible rate and average size, and the average final wealth is comparable to that of the moderate penalty of γ = 2.
Multiperiod Performance
The multiperiod investment problem is a sequence of one period problems which are linked by the current wealth and the target path/VaR for the next period. A one year (252 days)
problem is now considered for 2 cases: (1) the time of the stock market collapse -2008/9; and (2) the out-of-sample period 2013/14. The one day problems are based on the estimated parameters in the fitted model provided in Table 6 . In September, 2008 the stock market in the US experienced a major decline (Figure 2 ). That time frame provides a challenge for an investment model, so it is interesting to consider the performance of the optimal growth model with shortfall penalties. Recall that the fitted model for that time did show the market decline, but the predictions were above the actuals and more importantly the decline and recovery were delayed in the fits. This fitting error is significant and will be a factor in the investment decisions and portfolio peerformance. that w(t − 1) < w * (t − 1), then w * (t) = w(t − 1). If the target was exceeded , so that w(t − 1) > w * (t − 1), then w * (t) = 0.998 × w(t − 1). The figures give the wealth trajectory {w(t), t = 1, ..., 252} , as well as the path trajectory {w * (t), t = 1, ..., 252} . A benchmark portfolio was also constructed, where the investment total in risky assets (stocks,bonds) was equal to the constrained growth portfolio but the split was 50/50 for each risky asset. With parameter estimates from the in-sample period, the regime switching model was used to forecast daily returns for stocks and bonds in the year July 31, 2013 to July 31, 2014.
The returns for that period are presented in Figure 4 . 
Conclusion
In the Kelly optimal capital growth problem where the geometric rate of return to the horizon is maximized, the solution is very aggressive and the chance of significant loss of capital in the short to medium term is large. A VaR constraint imposed on the wealth trajectory at each time point controls the risk of losses, but the size of losses is crucial. In this paper both the chance and size of losses are controlled along the trajectory. The loss (shortfall wrt the target) is penalized in the objective with a wealth discounting approach.
This retains the geometric character of the wealth process, or equivalently the arithmetic character of log-wealth. The model parameters are the path VaR levels, the path VaR probabilities, the shortfall penalty, the market regimes and the returns within regimes .
The model is formulated as a chance constrained program, and then reformulated as a deterministic equivalent non-convex program.
The impact of the parameters on strategies and accumulated capital is studied analytically with one risky asset (stock) and a riskless asset. The methodology is also applied to the fundamental problem of investing in stocks and bonds over time. The convex penalty has the advantage of smoothing the trajectory of accululated capital while achieving capital growth. Excessive penalization of shortfalls leads to a path with little volatility, but it falls below low penalty paths along the full trajectory.
